We present a possible interpretation on the origin of the four-fermion interaction used in effective field theories. Inspired by the sharp momentum peak seen in Bose-Einstein condensate state, we incorporate the special gluon condensate effect into the gluon propagator. We then find that, if one considers hypothetic situation with the condensed gluon, the four-fermion contact interaction can arise from the first principle theory of quantum chromodynamics.
I. INTRODUCTION
Quantum chromodynamics (QCD) is known to be the fundamental theory of quarks and gluons whose ultimate goal is to describe all the phenomena observed on hadrons, such as the proton and mesons. Perturbative approach in QCD works well at high energy thanks to the nature of asymptotic freedom [1] . However, it is difficult to investigate the physics at low energy where the strong coupling becomes large. Then people often use some effective models of QCD which contain nontrivial four-fermion interactions [2, 3] .
The purpose of this letter is to discuss how this fourfermion interaction occurs from the first principle theory of quantum field theory. Motivated by the fact that the momentum have the sharp peak in a Bose-Einstein condensate of gaseous matter, we incorporate this momentum distribution into the propagator of gluons. Under the assumption, we find that the four-fermion contact interaction appears as the consequence of the condensate gluon momentum.
The paper is organized as follows. We present our motivation in Sec. II. We then show the four-fermion interaction can be derived starting from QCD in Sec. III. Section. IV gives a numerical test with gluon condensate. Then some discussion and concluding remarks are put in Secs. V and VI.
II. MOTIVATION
A Bose-Einstein condensate (BEC) is the interesting physical state of matter which can be realized at extremely low temperature, e.g., 170 nanokelvin for gas of rubidium atoms. The typical atomic scale corresponds to A ∼ 10 7 K so the temperature is indeed ultimately low. Under such the extreme circumstance, the particles involved share their phase information, then act as if they are one large quantum particle (this is the reason why mean-field approximation works well for condensed matter system). The characteristic observation on a BEC is the realization of the momentum peak shown in Fig. 1 where it exhibits the image of the velocity-distribution of typical gaseous BEC matter. We postulate, in this letter, that the gluons in hadronic state may have a similar tendency on the momentum distribution, i.e., the momentum is sharply condensed around typical QCD scale, µ QCD ∼ 1fm −1 (∼ 200MeV ∼ 10 12 K). Note that the room temperature (∼ 10 2 K) is extremely low compare to the hadron scale. We then apply this speculation by modifying the form of the gluon propagator in QCD calculation. This is the main motivation of the paper.
III. FOUR-FERMION INTERACTION
We consider the model treatment through evaluating the partition function of QCD under the special condition mentioned in the previous section. Thereafter we try to find the relation between the original QCD Lagrangian and resulting effective model, in particular, the relation between the quark-gluon interaction and an effective four-fermion contact interaction.
A. QCD partition function
We first review the evaluation of the partition function in QCD whose Lagrangian density is given by
where ψ and m are the quark field and its mass, F µν is the field strength tensor and D µ indicates the covariant derivative defined by
with the gluon field A µ and the coupling constant for the strong interaction g. In this article, we follow the notations used in the textbook by Peskin and Schroeder [4] . It may be useful to separate the Lagrangian into the free and the interacting parts as
and we also use the notation
g . This separated form helps us to write the partition function by the Taylor expansion
where we will consider the terms up to the order of g 2 in this article.
Before proceeding the further calculations, we define the notation O for later convenience,
here Eq. (9) indicates the expectation value of O. As is well known, quarks and gluons have never been observed as free particles due to non-trivial effect of the confinement, we expect the amplitudes containing the outgoing quarks and gluons vanish, namely,
Retaining non-vanishing contributions in the partition function, we have
This is the partition function of QCD at g 2 order, and we will try to consider this quantity under special circumstance in the following.
B. Quark sector
In this subsection, we are going to study what happens if one integrates out the gluon degree of freedom, then discuss the possible relation between original QCD interaction and the four-fermion interaction.
The term relating to the quark-gluon interaction can be evaluated by
where we introduced the abbreviated notations ψ x = ψ(x) and A a µx = A a µ (x). The usual rule for the gluon propagator reads
in the Feynman gauge ξ = 1. Up to here, the treatment is general; we just briefly reviewed quantum field theory calculation. In the following, we will introduce some crude hypothesis. Assuming the situation that the gluon is highly condensed and its momentum has narrow peak around µ g as discussed in Sec. II, we perform the following replacement,
We regard the quantity µ g as the energy scale of the gluon. Once this brute force manipulation is allowed, we have
This becomes our Feynman rule for the gluon propagator in the present model. Substituting the above rule into Eq. (13), we obtain
where N A is the overall constant from the functional integration on gluon. Note that the integral for y disappears due to the delta function δ (4) (x − y), then ψ(y) turns out to be ψ(x) in Eq. (17). This may be regarded as the reason of contact interactions which come from the resulting delta function.
As the final step, using the approximated relation e ǫ ≃ 1 + ǫ, we put back the resulting term inside the exponential,
Since there arises no confusion in the above expression we drop the suffix x in ψ x (= ψ(x)). Then we finally arrive at the form
with
Thus we obtained the effective Lagrangian with fourfermion contact interaction. It is interesting that the only one replacement, although it looks awful, leads the four-fermion contact interaction. We think this can be a possible interpretation on the origin of the four-fermion interaction in effective field theories.
C. Gluon sector
We consider the gluon energy in this subsection by evaluating the contribution of the third and fourth lines in Eq. (12).
By using our propagator, we see that the contribution
from the third line in Eq. (12) vanishes, due to the property of the antisymmetric tensor f abc . Non-zero contribution occurs from the fourth line, in which one sees
where Z 0 ≡ Dψ DAe
with the propagator for the gluon field set by Eq. (15). As obviously seen from the equation, this one-loop contribution, φ g , badly diverges, then one needs to perform the renormalization to obtain finite physical quantity.
Putting back the resulting term into the exponential as done in the fermion case using the trick (1 + ǫ → e ǫ ), we obtain the following form
This is our effective Lagrangian for the gluon sector. We will not make further analyses on this form because our focus here is to construct the four-fermion quark model.
IV. NUMERICAL TEST
We have calculated the effective Lagrangian in the previous section, and it may be now ready for performing the actual numerical analyses.
As a simple test, we draw the phase diagram of the chiral phase transition on temperature and chemical potential plane. The model with the form Eq. (20) is the NJL-type model, and we just follow the prescriptions in preceding analyses [5, 6] . Applying the mean-field approximation after the Fiertz transformation to Eq. (20) in the massless two-flavor version, we have
where M is the constituent (dynamical) quark mass M = −2Gφ ψ with G = 2g 2 /(9µ
In the above expression, the trace runs for the color, flavor and spinor spaces, then the relation ψψ = ūu+dd , namely, φ ψ = φ u + φ d holds. Here we treat µ g as the model parameter being some constant, then we no longer have the renormalizability of the original theory. The evaluation of the effective potential at finite temperature (T ) and chemical potential (µ) is straightforward due to the mean-field approximation, and we have
with E ± = E ±µ, E = q 2 + M 2 and β = 1/T [7] . Once we have the effective potential, the expectation value of the order parameter, φ ψ , can be determined by the gap equation, ∂V/(∂φ ψ ) = 0, corresponding to the stational condition of the effective potential.
The remaining preparation for the numerical analysis is the parameter fitting. As usual, we introduce the three-momentum cutoff, Λ, to obtain the finite contribution from the loop integral. Thereafter the present model contains three parameters, the strong coupling g, the three momentum cutoff Λ and the gluon energy scale µ g . Here we chose, Λ = 623MeV and g = 1.27, then test various values of µ g . The above parameters are chosen so that the model reproduces the numbers, M = 335MeV and f π = 92MeV for µ g = 250MeV. region of the broken phase shrinks with increasing µ g . This can easily be understood, because the effective coupling strength, G(µ ), becomes weak when µ 2 g is larger. Observing the gluon scale dependence on the model, we think that µ g plays a similar role with the renormalization scale in quantum field theory.
